A COMPUTATION OF H^(T,Him) 
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Abstract. Let E = j be a compact surface of genus g > 3 with one boundary component, 
r its mapping class group and M = Hi{'L,Z) the first integral homology of E. Using that T 
is generated by the Dehn twists in a collection of 2g + 1 simple closed curves (Humphries' 
generators) and simple relations between these twists, we prove that J-f^(r,M) is either trivial 
or isomorphic to Z. Using Wajnryb's presentation for T in terms of the Humphries generators 
we can show that it is not trivial. 



1. Group COHOMOLOGY IN 45 SECONDS 

For G a group and M a (left) G-module (a module over the group ring ZG), a cocycle is a 
map u: G ^ M satisfying the cocycle condition, 

(1) u(gh) = u{g) + gu{h), 

for all g,h e G. The set of M-valued cocycles on G is denoted Z^{G,M). A coboundary is a 
cocycle of the form g m - gm for some m € M; the set of these is denoted B^{G,M). The 
cohomology group H1(G,M) is the quotient Z^{G,M)/B^{G,M)- 

It follows immediately from (1) that u(e) = for e the identity element of G. It also follows 
that u{g'^) - -g~^u{g), and that 

(2) u{ghg~^)^{\-ghg-^)u{g)^gu{h). 

We also note that u is determined by its values on a set of generators of G. Indeed, if 
G = {g\,---,gr I is a finite presentation of G, the space of cocycles Z^(G,M) maybe 

identified with the subspace of M'' determined by the s linear equations in the r unknowns 
nil - u(gi),...,nij- = u(gr) given by the relations rj obtained by expanding via the cocycle 
condition. For example, the (ZG-)linear equation associated to the relation gigig^^gi = e is 

In the same setting, B^{G,M) may be identified with the subspace 

[((l-gi)m,...,{l-gr)m) I meMjcAf. 

If the action of G on M is trivial, a cocycle is simply a group homomorphism G M, and 
since any coboundary vanishes in this case, we have 

H\G,M) = Hom(G,M) = Hom(Gab,M) 

where Gab denote the abelianization of G. 
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1.1. Exact sequences. Suppose l^^C^G^Q^lisa short exact squence of groups and 
M a G-module. The action of G on X by conjugation induces an action on the cohomology 
group H^(K,M). There is an exact sequence 

(3) O^H\Q,M'^)^H\G,M)^H\K,Mf, 

where denote the subspace of M invariant under K, and H^{K,M)'^ is the subspace 
invariant under the above-mentioned action of G. This is a consequence of the Hochschild- 
Serre spectral sequence, but can also be checked by direct verification using the hands-on 
definitions of cocycles and coboundaries given above. 



2. Notation and conventions 
We consider a compact, oriented surface E of genus g >l with one boundary component. 

2.1. Curves and homology. Fix a collection C of 3g - 1 simple, closed curves aj,^j,yj as 
shown in Figure 1. With appropriate choices of orientations (which we also fix), the homology 
classes Uj - [aj], hj - [^j], Cj - [yj] satisfy 

(4a) (jo{aj, fljt) = (jo{hj, bk) = 

(4b) co{aj,h^)^bj^ 
(4c) Cj^aj^i-aj 

where co denotes the intersection pairing on M = Hi(E,Z). In particular, S = {ai,bi,...,ag,bg) 
is a symplectic basis for M. We let S denote the subset of C consisting of the 2g curves aj,l5j. 
There are involutions on the sets S and S given by ay jij and fly bj, respectively; we will 
use L to stand for either of these involutions. Clearly i[rj] = [irj] for any rj eS. 

We will use the notation My for the symplectic subspace spa.n^(aj, bj) of M, and M'j for its 
complement span(S - {fly, fay}). Associated to these are the projections TTy and n'j - id-Tiy. 

Using yi and as synonyms for and fl^, respectively, we observe that S' - {ci,bi,C2, b2,---,c 
also constitutes a basis for M; this is immediate from (4c). We use S' to denote the set 



•I'- 



•yg' 



cC. 





Figure 1. A collection of simple closed curves on E. 



2.2. Twists and action. It is well-known that the action of the (left) Dehn twist in a simple 
closed curve ?^ on a homology element m is given by 

(5) r„m -m + a){m, [?/])[?/], 
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where ff denotes any of the oriented versions of rj (see e.g. [ ]). For convenience, we record 
these consequences: 

(6a) T«^flic = «fc ^fijbk = bk 

(6b) r^^bk = bk rf^.ak = ak 

( 6c ) Xa- bj = bj - fly Xfi. Uj = fly + bj 

Here, (6a) holds for any 1 < i,k < g, while (6b) holds for j ^ k. For I < j < g we also have 

(7a) Ty. bj = bj + Uj^i - Uj = bj + Cj Xy. bj_i = bj_i - fly^i + fly = foy_i - Cj 

(7b) Xy.ak = ak 
(7c) Xy.bk = bk, 

with (7b) holding for any k, and (7c) for k ^ j - I,]. 

2.3. Wajnryb's presentation for the mapping class group. The curves in C are not com- 
pletely arbitrary; the twists in these curves are the so-called Lickorish generators for the 
mapping class group. Humphries [ ] showed that the 2^-1-1 twists in S' U {aj} actually 
suffice (and that 2g -i- 1 is the minimal number of twists needed to generate the mapping class 
group). Later, Wajnryb [ ] was able to give a finite presentation of the mapping glass group 
using Humphries generators. An exposition of this, along with more details on the history of 
genarating and presenting the mapping class group, can be found in [2]. We give a slightly 
modified version of their Theorem 5.3. 

Theorem 2.1. The mapping class group Tg i has a presentation with a generator gfj for each curve 
rj eSU {a2} - [ji, ^i,yi, ^i, ■ ■ ■ ,yg, ^g, oci], and relations: 

(a) If T] and X are disjoint, gfj and gx commute. 

(b) Ifrj and A intersect in exactly one point, grjgxgr] = Sxgi^gx- 

(c) Let w denote the word gji^gy^gji^gy^gy^gli^gy^gli^. Then 

(8) {gy.glS^gyif = ga2^ga2^'^- 



(d) Let 



and 



^1 = gfijgyigy^gfii ^1 = 'i^l^ga^'^l 

^2 = gp,gy,gy,gli, X2 = Wj^X^Wj 



^4 = ghSy.ghSyiS^i^'^gylgilgnSfil ^4 = ^^ga.^l^- 



Then 

(9) ga,X2Xl=gy^gy^gy^Xi. 



Of course, the abstract generator g^^ simply corresponds to the twist T, 
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3. Computing cohomology 



In this section we compute H (T,M). We will do this by proving that any cocycle is 
cohomologous to one with some very nice properties. This will be done in two steps. In the 
first, we adapt the cocycle to the basis S (or rather, to the set of curves S), and in the second, 
we add another coboundary to adapt the cocycle to the basis S' for M (again, this is with 
respect to the set S'). We do not specify what it means to »adapt a cocycle to a basis« or 
»adapt a cocycle to a set of curves«; it will be apparent from the statements of Proposition 3.1 
and Proposition 3.7. 

3.1. Adapting to S. 

Proposition 3.1. Any cohomology class in H^(T,M) is represented by a cocycle u satisfying that 
for each rj eS, the coefficient of[rj\ in the expansion of u{x,j) in terms of the basis S is 0. Moreover, 
this determines u uniquely. 

Proof. Recall that S is the collection of the 2g curves a^fij, the homology classes of which 
constitute the basis S. We see from equations (6a), (6b) and (6c) that 1 - Xa- kills all basis 
elements except bj, and that (1 - x„.)bj = aj. Similarly, 1 -t^^ kills all basis elements except aj, 
and (1 - x^.)aj - -bj. If u is any cocycle, let Xj denote the coefficient of aj in u{Xaj) and yj the 
coefficient of bj in uixj^.). Adding the coboundary of the homology element 



to u produces a cocycle with the required properties. It is clear that if m is any non-zero ho- 
mology element, there is some rj eS such that {I -x„)m contains a non-trivial [f^] -component. 



In a sense, with this proposition we have used up all the freedom there is in the choice of 
cocycle representing a given cohomology class. 

Proposition 3.2. The cohomology group H^{T,M) is a free abelian group of finite rank. 

Proof. We have just proved that there is a section H^{T,M) Z^{T,M), which proves that 
there is no torsion. The claim about the finite rank follows from the fact that F is finitely 
generated. □ 

From now on, we will assume that u is a cocycle which is adapted to S in the sense of 
Proposition 3.1. We will now proceed to determine other facts about u, using simple relations 
between the twists in the curves from C. 

First, consider the braid relation Xa-X^.x^- = Xj^.x^-X^.. Applying the cocycle condition, we 



8 




proving the uniqueness claim. 



□ 



obtain 




(11) 



tajU{Xa.) = r^.u(x^.). 
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By the normalization assumption, we have njU{Xa.) = yjhj and njU{T^.) = ZjUj for some 
integers yj,Zj. Applying the projection TTy to (11) and using that nj commutes with the two 
twists, we obtain 

-yyflj + yjbj = ZjUj + Zjbj 
which implies yj = Zj = 0. So we have 

(12) 7T^u(TaP = 7ryU(T^P = 

for all I < i < g. This in turn implies that u{r^.) = u{Tp.) (apply n'j to (11) and use that it 
annihilates the twists). 

We record this consequence of our calculations so far. 

Lemma 3.3. For g - I, H^(T,M) is trivial. 

From now on we consider the case g>2. For k ^ j, commutes with Tq.^ and x^^. Applying 
the cocycle condition to these commutativity relations gives 

u{Ta^) + Ta.u{Ta^) = m(t«J + T«^m(t«P 
w(TaP + T„^.w(T^,) = m(t^J + T^^u(t„P 

and using the projection TTyt along with (12) we see that 

nkU{Ta.) = Ta^_7rfcU(T„p 
nkUiXaj) = T^,7rfcM(T«p. 

This clearly implies that nku{T^.) = 0. Since this holds for any k, we obtain this important 
result. 

Proposition 3.4. A cocycle which is normalized in the sense of Proposition 3.1 vanishes on each of 
the Dehn twists t^., x^.. 

The next lemma may sound a bit cryptic, but the text following the proof should make its 
usefulness clear. 

Lemma 3.5. If o is a simple closed curve disjoint from some rj eS, then the coefficient of[Lrj] = L[rj] 
in u{Tff) is 0, where u{X(,) is written in terms of the basis S. 

Proof. Since o and t] are disjoint, the associated twists commute. Applying the cocycle 
condition and the vanishing of m(t^j) this yields 

U{ra) = T,,u(Ta)- 

Since T,j(L[rj]) - L[rj] + [rj] and t,j acts as the identity on all other basis element, this is only 
possible if u{t^) does not have a i[f?]-component. □ 

Notice, for example, that this implies that u{Ty.) is a linear combination of fly^i and aj, 
since and fij are the only curves from S which yj intersect. In fact we have: 

Lemma 3.6. There are integers qj, j = 2,...,g, such that u{Ty.) = qjaj_i -qjaj = qjCj. 

The case j = 1 is only omitted because Aq is not defined; we clearly have u(TyJ = M(TaJ = 
= Oci. 
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Proof. The braid relation between and Ty. yields 



(13) = u{Ty.) + Xy.X^M{Xy.) 

after applying the cocycle condition and the vanishing of u{x^.). Using Lemma 3.5, we may 
write u{Xy.) - qjUj-i +Pj^j for some integers qj,pj- Then the left-hand side of (13) is 

qjUj^l+Pjaj+pjbj 

while the right-hand side is 

+ + Pj^j + Pjbj + PjUj^i -Pjaj) = (2qj+pj)aj_i +pjaj+pjbj. 

From this it follows that pj - -qj, so we do indeed have u{Xy.) = qj{aj_i - Uj) = qjCj. □ 

Thus u is completely determined by the g-l integers q2,...,qg. In particular, the rank of 
H^{T,H) is now bounded above hj g-l. 
We now adapt the cocycle to the set S': 

Proposition 3.7. Let u be a cocycle adapted to S in the sense of Proposition 3.1. Then u is 
cohomologous to a cocycle, again denoted u, satisfying u{xji.) - u(Xy.) = for j = \,...,g. 

Note that this new u may no longer vanish on the twists x^^. for ] >2. 

Proof. Since (1 - Xj}.)bj^ = for all j, k, and since u already vanishes on x^. for all j, adding the 
coboundary of any homology element which is a linear combination of the bj preserves this 
property. 

Let qj denote the integers such that u{Xy.) = qjCj. Put = and rj - rj_i + qj for j > I. Then 

g 

~ ^rk^YL^i^i ^ ^k-iCk - = -qkCk 

so adding the coboundary of Hy^j rjbj produces a cocycle with the required properties. □ 

With these preparations, we can finally compute H^{T,M). 

Theorem 3.8. For g >3, the cohomology group H^{T,M) is isomorphic to Z. 

Proof. By Theorem 2.1, the mapping class group is generated by the twists in the curves from 
S' U {a2}. Since a cocycle which is adapted to S' vanishes on each of the twists in these curves, 
we see that such a cocycle is completely determined by the element u{XaJ e M. In fact, we 
can say even more: Before we perform the adaptation to S', we have u{Xa^) = 0, so it follows 
by construction that 

uira^) = {l-Xaj(Y_^rjbj) = riaj. 

i 

Hence the cocycle is determined by the single integer r2 = q2, and H^{T,M) is thus either 
trivial or isomorphic to Z. 

To see that it is not trivial, we must prove that putting u(x,j) - for rj eS' and u(Xa^) - 
defines a cocycle. To do this, we need to check each of the relations in Wajnryb's presentation. 
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The disjointness and braid relations are only interesting if one of the curves is aj- But if 
tjeS' is disjoint from (that is, r] is not ^2)1 we have 

We also have 

Applying u to the left-hand side of (8) and expanding via the cocycle condition clearly 
gives 0. On the right-hand side, we get 

by (2). Clearly u{w) vanishes, and it is straight-forward to check that wuj = -aj using 
equations (6) and (7). 

Finally we compute the values of u on the various auxilliary words occuring in (9). 

u{Xi) = u{wl^Xa^Wi) = {l-W\^)u{w\^) + Wl^u{Xa^) = W^^ Uj 

= ^^,^^72^^73 («2 - ^2) = T^Ji^^yli-bl + «3) = T/i,(-fo2 + As + «1 " «2) 
= Ui — + 

u(X2) = W2^u(Xi) = T^^lT-lT-l(fli -foi -fl2 + «3) = (flg - foj ) = T^^^ (-fli - fcj -h flg) 

= «3 -«1 

u{x3)^w^^u(xi) = x^lx-^l{ai-a2 + a^) = Ty^i(fli - + As - ^3) 

m(u;4) = Xfi^Xy^Xfi^Xy^X^^u{x^) = foi - fl2 + ^2 + 2fl3 + ^3 
m(:>^4) = (1 -W4Xa^Wl^)u(W4) + WiU(Xa2) = 2fl3 

Finally the value of u on the left-hand side of (9) is 

uiXa.XjXi) = u{Xa^) + Xa^u{X2) + X^^XjUixi) = flj + (-«! + as) + («1 - «2 + «3) 
= 2fl3, 

whereas the value on the right-hand side is 

UiXyJy^Xy^X^) = X yj y^X y {X 4) = lUo,. 

Hence the map {t,^ | 17 6 5' U [a^W M defined by x^^ ^ ^rid x,^ 1— > for r] e S' extends 
to a cocycle defined on T, and this cocycle represents a generator for the cohomology group 



8 



RASMUS VILLEMOES 



4. Final remarks 

4.1. Other computations. Earle [ ] constructed a cocycle i/^: F ^ Hi(E,]R) such that (2g-2)i/^ 
has values in Hi(E,Z). Later Morita [ ] proved that H^(F,Hi(E,Z)) = Z using a combinatorial 
approach. Recently, Kuno [4] has computed Earle's cocycle in terms of Morita's. Satoh [ ] has 
computed the first homology and cohomology of the automorphism and outer automorphism 
groups of a free group with coefficients in the abelianization of the free group. This list of 
references is of course by no means exhaustive. 

4.2. Surface with a marked point. Instead of a surface with boundary, one could consider 
a closed surface with a marked point (or equivalently, a closed surface minus a point). 
Denote the mapping class group of E, by F^. 

Proposition 4.1. The natural homomorphism F ^ F, induces an isomorphism H^{T,M) = H^{T^,M), 
where M = HiiT) ^ HiCL,). 

Proof. The map F ^ F» is obtained by gluing a disc with a marked point to the boundary of E 
and extending a representative of a mapping class / € F by the identity. Clearly the inclusion 
E ^ E, is an isomorphism on H^, and this is equivariant with respect to the homomorphism 
F Ff. We identify the two homology groups via this isomorphism. 

Now, F ^ Ff is surjective, and the kernel is the infinite cyclic group (t^) generated by the 
twist in the boundary of E [2, Proposition 3.19]. Note that rg acts trivially on M, so M<''s) = M 
and H^{{rg),M) = Hom((T5),M). Applying the exact sequence (3) we obtain 

(14) ^ H^(T,M) ^ h1(F,M) ^ H\{rd}Mf = 0, 

since a homomorphism from (t^) is simply an element of M, and is the only F-invariant 
element of Hj(E). □ 
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